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WEAK SEMISTABLE REDUCTION IN CHARACTERISTIC 0
PRELIMINARY VERSION
DAN ABRAMOVICH† AND KALLE KARU
0. INTRODUCTION
Regretfully, we work over an algebraically closed field k of characteristic 0.
0.1. The problem. Roughly speaking, the semistable reduction problem we address here asks
for the following:
Let X → B be a surjective morphism of complex projective varieties with geometri-
cally integral generic fiber. Find a generically finite proper surjective morphism (that
is, an alteration) B1 → B, and a proper birational morphism (that is, a modification)
Y → X ×B B1, such that the morphism Y → B1 is nice.
Of course, one needs to decide what a “nice morphism” means.
The question was posed, among other places, in the introduction of [KKMS], p. vii. It can
be viewed as a natural extension of Hironaka’s theorem on resolution of singularities, which is
in a sense “the general fiber” of semistable reduction.
0.2. Brief history. The case dimB = 1, dimX = 2 is very old, see [A-W]. When dimB = 1,
semistable reduction was obtained in [KKMS], in the best possible sense: Y is nonsingular, and
all the fibers are reduced, strict divisors of normal crossings.
Using a result of Kawamata on ramified covers (see [Kawa], theorem 17), one can obtain
semistable reduction “in codimension 1” over a base of arbitrary dimension. Below, we will
refer to the result of Kawamata as “Kawamata’s trick”. We will discuss it in detail in section
5.
The case where dimX = dimB + 1 has recently been proven by de Jong [dJ]. Here one
shows that any family of curves can be made into a family of nodal curves, which are indeed
as “nice” as one may expect.
Using recent difficult results of Alexeev, Kolla´r and Shepherd-Barron (see [Al], [Al1]), one
obtains a version of the case dimX = dimB+2. Here each fiber is a semi-log-canonical surface.
Up until recently, not much has been known about the case dimX > dimB + 2. Often one
finds remarks of the following flavor: “since we do not have a semistable reduction result over
a base of higher dimension, we will work around it in the following technical manner...”.
0.3. Definition of semistable families. We give here a description of the best possible kind
of morphisms we have in mind.
Let f : X → B be a flat morphism of nonsingular projective varieties with connected fibers.
Somewhat informally, we say that f is semistable if for each point x ∈ X with f(x) = b there
is a choice of formal coordinates Bˆb = Spec k[[ti]] and Xˆx = Spec k[[xj ]], such that f is given
by:
ti =
li∏
j=li−1+1
xj .
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Here 0 = l0 < l1 · · · < lm ≤ n, where n = dimX and m = dimB. To be more precise, we give
things a more global structure using the notion of a toroidal morphism. At the same time we
describe a slightly weaker condition which will appear below:
Definition 0.1. The morphism f : X → B above is called weakly semistable if
1. the varieties X and B admit toroidal structures UX ⊂ X and UB ⊂ B, with UX = f−1UB;
2. with this structure, the morphism f is toroidal;
3. the morphism f is equidimensional;
4. all the fibers of the morphism f are reduced; and
5. B is nonsingular.
If also X is nonsingular, we say that the morphism f : X → B is semistable.
0.4. The ultimate goal. The result one would really like to have is:
Conjecture 0.2. Let X → B be a surjective morphism of complex projective varieties with
geometrically integral generic fiber. There is a projective alteration B1 → B, and a projective
modification Y → X ×B B1, such that Y → B1 is semistable.
Na¨ıvely one might hope to have each fiber isomorphic to a divisor of normal crossings. But
already in the case of a 2-parameter family of surfaces t1 = x1x2; t2 = x3x4, this is impossible.
It seems that the definition above is the best one can hope for.
0.5. A. J. de Jong’s results. In [dJ], Johan de Jong shows, among many other results, that
if one allows Y → X×BB1 to be an alteration instead of a modification, one can make Y → B1
very nice indeed: Y is nonsingular, Y → B1 is semistable as in the definition above, and
moreover it can be written as a composition of nodal curve fibrations Y = Y0 → Y1 → · · · →
Yk = B1.
De Jong’s methods and ideas will serve as a starting point for investigating the semistable
reduction conjecture.
0.6. Our main result. The main result of this paper is the following:
Theorem 0.3 (Weak semistable reduction). Let X → B be a surjective morphism of complex
projective varieties with geometrically integral generic fiber. There exist an alteration B1 → B
and a modification Y → X ×B B1, such that Y → B1 is weakly semistable.
With a little more work we will get X to have only quotient singularities. There are many
cases (such as when f is a family of surfaces) where we can actually prove the semistable
reduction conjecture. These will be pursued elsewhere. Hopefully, by the time this paper
achieves its final form the conjecture will be fully proven.
0.7. Mild morphisms. A few words are in order about the significance of our result. Note
that the property of a morphism being semistable is far from being stable under base changes.
One may ask, what remains from semistability after at least dominant base changes? Here is a
suggestion:
Definition 0.4. We define a morphism X → B as above to be mild, if for any dominant
B1 → B where B1 has at most rational Gorenstein singularities, we have that X ×B B1 has at
most rational Gorenstein singularities as well.
Mild morphisms arise naturally in moduli theory. Indeed, mild families of curves are precisely
nodal families; families of Gorenstein semi-log-canonical surfaces mentioned above are mild. For
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a discussion of why mild morphisms are useful, see [ℵ]. In fact, the paper [ℵ] would have been
much simplified, had mild reduction been available.
Already in the case dimB = 1, mild reduction is a much easier task than semistable reduction.
Indeed, lemma 2 on page 103 of [KKMS], and the discussion there, already give mild reduction
in this case. The delicate combinatorics of chapter III of [KKMS] is not used for this purpose.
It will be shown (see section 6) that weakly semistable morphisms are indeed mild.
0.8. Structure of the proof. After the introduction, section 1 will be devoted to a general
discussion of toroidal morphisms. The proof itself will begin with section 2.
Semistable reduction has at least two flavors: first, the fibers of the morphism Y → B1 should
have nice local defining equations. Second, the family should have nice algebraic properties.
We will perform a number of reduction steps, incrementally improving one or the other of these
flavors.
0.8.1. Toroidal reduction. In the first step, carried out in section 2, we will show that any
morphism can be modified to a toroidal morphism. The construction is inspired by the inductive
procedure of [dJ], and follows closely the proofs in [ℵ-dJ].
Just as in [ℵ-dJ], the construction we give is very non-canonical. Even when the generic fiber
of X → B is smooth, it will be blown up during the construction. One hopes that methods
such as those of [B-M] or [Vil] could be adapted to this situation and give a more canonical
procedure.
It is tempting to state the following conjecture.
Conjecture 0.5. Let X → B be a morphism as in the theorem. Let U ⊂ B be an open set
over which X is toroidal, and let Σ = B \ U . There exists modifications X ′ → X and B′ → B,
each of which is the composition of a sequence of blowings up with smooth centers lying over
Σ, and a lifting X ′ → B′ which is toroidal.
It should be noted, that in view of recent results of Morelli [Mor] and W lodarczyk [W lo], this
conjecture implies the strong blow-up - blow-down conjecture.
0.8.2. Improving the toroidal morphism. In sections 3 and 4 we perform a couple of simple
reduction steps to improve our situation. Let f : (UX ⊂ X) → (UB ⊂ B) be any toroidal
morphism, with B nonsingular. By the results of [KKMS], we can find a toroidal resolution of
singularities X ′ → X. Let f ′ : X ′ → B be the resulting projection. We first show that now
f−1UB ⊂ X ′ is also a toroidal embedding, which is easier to handle: there are no horizontal
divisors. For convenience, we replace X → B by the new morphism. We remark that one can
proceed a fair distance without removing these horizontal divisors, and, we believe, the results
one can obtain are of interest (e.g., the inductive structure of de Jong can be preserved), but
this would make the present paper much more cumbersome, so we delay that investigation to
a future occasion.
Now, our morphism X → B is not necessarily equidimensional. We repair this by an ap-
propriate decomposition of the associated conical polyhedral complexes ∆X and ∆B. We make
sure that, after the modification, the base remains nonsingular, and then the morphism is
automatically flat.
0.8.3. Kawamata’s trick and reduced fibers. We start section 5 with a discussion of Kawamata’s
trick and its relation with toroidal morphisms in some detail. Then we use Kawamata’s trick
to find a finite base change, after which all the fibers are reduced. This finishes the proof of the
main theorem, since the resulting morphism is weakly semistable. A variant of Kawamata’s
trick for global “index 1 covers” is discussed in section 7.
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0.8.4. Mild reduction. We begin section 6 by checking that the resulting fibers are Gorenstein.
Using a base change and descent argument, and the fact that toroidal singularities are always
rational, we then prove that the resulting family is mild.
0.8.5. Combinatorial restatement. In section 8 the semistable reduction conjecture is restated
purely in combinatorial terms. We end the paper with a discussion of the problems one en-
counters when trying to go from weak semistable reduction to semistable reduction.
0.9. Acknowledgments. We would like to thank O. Gabber, A.J. de Jong, H. King and K.
Matsuki for helpful and inspiring discussions.
0.10. Terminology. A modification is a proper birational morphism of irreducible varieties.
An alteration a : B1 → B is a proper, surjective, generically finite morphism of irreducible
varieties, see [dJ, 2.20]. The alteration a is a Galois alteration if there is a finite group
G ⊂ AutB(B1) such that the associated morphism B1/G→ B is birational, compare [dJ2, 5.3].
1. Toroidal morphisms
We have collected in this section some notations and preliminaries about toric varieties,
toroidal embeddings, and their morphisms (see [KKMS] for details).
Remark 1.1. Our approach here is based on the formalism of [KKMS]. A different approach,
using logarithmic structures, was developed by K. Kato, see [Kato], [Kato1]. It is our belief, that
the approach via logarithmic structures should eventually prevail - it provides us with a flexible
category, in which toroidal embeddings (= logarithmically regular schemes) and toroidal mor-
phisms (= logarithmically smooth(!) morphisms) play a special role. Some of our statements
below are rendered almost trivial with Kato’s formalism, e.g. Lemmas 1.5 and 5.3.
The reason we decided to stick with the formalism of [KKMS] is, that the theory of logarith-
mic structures is not yet in stable form (see the many flavors of such structures introduced in
Kato’s papers), and, more importantly, it has not yet gained widespread acceptance as a basic
formalism. It might have turned away some readers (especially those combinatorially inclined)
had we used the theory of logarithmic structures throughout.
It is also worth noting, that Kato’s notion of a fan, although it has a nice structural morphism,
is much less amenable to combinatorial manipulation than the polyhedral complexes of [KKMS].
1.1. Toric varieties. Given a lattice N ∼= Zn, its dual M = Hom(N,Z), a strictly convex
rational polyhedral cone σ ⊂ NR = N ⊗ R with its dual σ∨ = {m ∈ MR|m(u) ≥ 0 for all
u ∈ σ}, we define the affine toric variety Xσ = Spec S[σ] where S[σ] is the semigroup
algebra of σ∨ ∩M over the ground field. If more than one toric variety is considered, we use a
subscript: Nσ, Mσ.
We denote by σ(1) the 1-dimensional edges of σ. The indivisible points v in σ(1) ∩ N are
called the primitive points of σ. The variety Xσ is nonsingular if and only if the primitive
points of σ form a part of a basis of N . In that case we say that σ is nonsingular.
The toric variety Xσ contains an n-dimensional algebraic torus T = G
n
m as an open dense
subset, and the action of T on itself extends to an action on Xσ. Thus, Xσ is a disjoint union
of orbits of this action. There is a one-to-one correspondence between the orbits and the faces
of σ. In particular, 1-dimensional faces R+vi correspond to codimension 1 orbits Ovi .
A toric morphism f : Xσ → Xτ is a dominant equivariant morphism of toric varieties
defined by a linear map f∆ : (Nσ, σ) → (Nτ , τ). We use the same notation for the scalar
extension f∆ : Nσ ⊗ R → Nτ ⊗ R.
WEAK SEMISTABLE REDUCTION IN CHARACTERISTIC 0 5
1.2. Toroidal embeddings. Given a normal variety X and an open subset UX ⊂ X, the
embedding UX ⊂ X is called toroidal if for every closed point x ∈ X there exist a toric variety
Xσ, a point s ∈ Xσ, and an isomorphism of complete local algebras
OˆX,x ∼= OˆXσ ,s
so that the ideal of X \ UX corresponds to the ideal of Xσ \ T . Such a pair (Xσ, s) is called a
local model at x ∈ X. By restricting Xσ if necessary, we can assume that the orbit of s is the
unique closed orbit in Xσ.
Definition 1.2. A dominant morphism f : (UX ⊂ X)→ (UB ⊂ B) of toroidal embeddings is
called toroidal if for every closed point x ∈ X there exist local models (Xσ, s) at x, (Xτ , t) at
f(x) and a toric morphism g : Xσ → Xτ so that the following diagram commutes
OˆX,x
∼=←−−− OˆXσ ,s
fˆ∗
x xgˆ∗
OˆB,f(x)
∼=←−−− OˆXτ ,t
where fˆ ∗ and gˆ∗ are the ring homomorphisms induced by f and g.
1.3. Cones and polyhedral complexes. Let X \ UX = ∪i∈IEi where Ei are irreducible and
have codimension 1. We will assume that all the Ei are normal, that is, UX ⊂ X is a toroidal
embedding without self-intersection (also known as a strict toroidal embedding). In that
case, we can use the irreducible components of ∩i∈JEi for all J ⊂ I to define a stratification
of X (these components are the closures of strata). Closures of strata formally corresponds
to closures of orbits in local models. Since a toric morphism maps orbits to orbits, a toroidal
morphism maps strata to strata.
Let Y be a stratum in X, which is by definition an open set in an irreducible component of
∩i∈JEi for some J ⊂ I. The star of Y is the union of strata in whose closure Y lies (each of
these corresponds to some K ⊂ J ⊂ I). To the stratum Y we associate
1. MY : – the group of Cartier divisors in Star(Y ) supported in Star(Y ) \ UX
2. NY : – Hom(MY ,Z)
3. MY+ ⊂MY : – effective Cartier divisors
4. σY ⊂ NY
R
: – the dual of MY+
It is shown in [KKMS] (Corollary 1, page 61) that if (Xσ, s) is a local model at x ∈ X in the
stratum Y , then
MY ∼= Mσ/σ⊥
σY ∼= σ
The cones σY glue together to form a polyhedral complex ∆X = (|∆X |, {σY }, {MY }), where
the lattices MY form an integral structure on ∆X . Equivalently, instead of M
Y we may give
the lattices NY and embeddings σY →֒ NY
R
. We also denote MσY = M
Y , NσY = N
Y . Then,
comparing to the lattices of local models,
MσY ∼= Mσ/σ⊥
NσY ∼= Nσ ∩ Span(σ)
If NσY 6= Nσ we can choose a splitting of Nσ so that at a point x ∈ Y the local model is in the
form (Xσ′ ×Glm, (s′, 1)) where (Nσ′ , σ′) ∼= (NσY , σY ).
6 DAN ABRAMOVICH AND KALLE KARU
Lemma 1.3. A toroidal morphism f : X → B induces a morphism f∆ : ∆X → ∆B, which for
each cone σY is the restriction of g∆ : (σ,Nσ)→ (τ,Nτ ) where (Xσ, s), (Xτ , t) are local models
at x ∈ Y ⊂ X, f(x) ∈ Z ⊂ B, and g∆ is the linear map determined by the toric morphism
g : Xσ → Xτ in Definition 1.2.
Proof. To see that the maps f∆ defined for different cones σ
Y agree on the overlaps it suffices
to notice that the dual morphism f∨∆ : MτZ →MσY is defined by pulling back a Cartier divisor
and restricting it to Star(Y ) \ UX . Since the pullback is defined independently of the stratum,
we see that f∆ is well defined.
Remark 1.4. Note that the polyhedral morphism f∆ : ∆X → ∆B is well defined even if f is
not toroidal, as long as f(UX) ⊂ UB.
Lemma 1.5. If e : X → Y and f : Y → Z are toroidal morphisms, then f ◦ e : X → Z is also
toroidal.
Remark 1.6. This lemma is a triviality if one uses logarithmic structures.
Proof. Let x ∈ X, y = e(x) ∈ Y , z = f(y) ∈ Z, and choose local models at x, y and z as in
Definition 1.2. Consider the tower
OˆX,x
∼=←−−− OˆXσ ,s
eˆ∗
x xgˆ∗
OˆY,y
∼=←−−− OˆXτ1 ,t1
id
x xα
OˆY,y
∼=←−−− OˆXτ2 ,t2
fˆ∗
x xhˆ∗
OˆZ,z
∼=←−−− OˆXρ,r
where the upper and lower squares commute by the definition of toroidal morphism, and where
α is defined by tracing the other three sides of the middle square. Then the middle square also
commutes.
Since τ1 and τ2 are isomorphic, we can take τ1 = τ2 = τ and Xτ1 = Xτ2 = Xτ . The map
α, of course, need not be the identity. Let the coordinate rings of the tori in Xσ, Xτ and Xρ
be k[x1, x
−1
1 , . . . , xn, x
−1
n ], k[y1, y
−1
1 , . . . , ym, y
−1
m ] and k[z1, z
−1
1 , . . . , zl, z
−1
l ], respectively, so that
the toric morphisms g and h are defined by
yi 7→
n∏
j=1
x
aij
j , zi 7→
m∏
j=1
y
bij
j
for some aij , bij ∈ Z.
The maps in the third line of the tower identify the group of T-invariant Cartier divisors in
Xτ2 with the group of Cartier divisors in Y supported in Y \ UY and passing through y. The
maps in the second line of the tower identify the latter group with the group of T-invariant
Cartier divisors in Xτ1 . Hence α induces a group homomorphism between T-invariant Cartier
divisors of Xτ2 and Xτ1 . Since T-invariant Cartier divisors in Xτ are given by products of yi,
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then (using the same letter yi for the image of yi in the completed local ring) α maps
yi 7→ ui
m∏
j=1
y
cij
j
where ui are units in OˆXτ ,t1 , and cij ∈ Z.
The composition gˆ∗ ◦ α ◦ hˆ∗ is then defined by
zi 7→ vi
m∏
j=1
x
dij
i
where the matrix with entries dij is the product of the matrices with entries aij , cij and bij ,
and where vi = gˆ
∗(
∏
j u
cij) are units in OˆXσ ,s. The matrix (dij) is equivalent to a matrix in the
form (
D
0
)
where D is an l× l diagonal matrix with diagonal entries d1, . . . , dl ∈ Z. Hence we can change
the coordinate functions xi and zi of the respective tori so that gˆ
∗ ◦ α ◦ hˆ∗ maps
zi 7→ vixdii
If we now set
x˜i = v
1
di
i xi
then in these new coordinates the composition gˆ∗◦α◦ hˆ∗ is induced by a toric morphism defined
by
zi 7→ xdii
and thus f ◦ e : X → Z is toroidal.
Given a toroidal embedding UX ⊂ X with polyhedral complex ∆X , and a subdivision ∆′X
of ∆X , one constructs (see [KKMS]) a new toroidal embedding UX′ ⊂ X ′ with polyhedral
complex ∆′X , and a birational toroidal morphism f
′ : X ′ → X such that the induced map
of the polyhedral complexes ∆′X → ∆X is the given subdivision. If Y is a stratum in X
corresponding to the cone σY ∈ ∆X , and if σ′ ⊂ σ is a cone in the subdivision, define
Vσ′ = Spec Star(Y )
∑
D∈σ′∨∩MY
OStar(Y )(−D),
where the sum is taken inside the field of rational functions of Star(Y ). Then X ′ is formed by
gluing together the open sets Vσ′ .
A subdivision ∆′X of ∆X is called projective if there exists a continuous function ψ : |∆X | →
R, taking rational values on σ∩Nσ, which is convex and piecewise linear on each cone σ ∈ ∆X ,
and the largest pieces in σ where ψ is linear are the cones of the subdivision. Such ψ is called
a good function (or lifting function, or order function), for the subdivision ∆′X of ∆X . A
projective subdivision corresponds to a projective modification X ′ → X.
Lemma 1.7. Let f : X → B be a toroidal morphism, f∆ : ∆X → ∆B the associated morphism
of polyhedral complexes. Let X ′ → X and B′ → B be toroidal modifications, with associated
subdivisions ∆X′ and ∆B′. Then f lifts to a morphism f
′ : X ′ → B′ if and only if for each
cone σ′ ∈ ∆X′, there exists a cone τ ′ ∈ ∆B′ such that f∆(σ′) ⊂ τ ′.
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Proof. Let σ′ ⊂ σY ∈ ∆X and τ ′ ⊂ τZ ∈ ∆B be cones in the subdivisions such that
f∆(σ
′) ⊂ τ ′. The homomorphism OStar(Z) → OStar(Y ) extends to∑
D∈τ ′∨∩MZ
OStar(Z)(−D)→
∑
E∈σ′∨∩MY
OStar(Y )(−E)
because f∨∆(τ
′∨) ⊂ σ′∨. This shows that the rational map f ′ is a morphism on each Vσ′ . Since
Vσ′ cover X
′, f ′ is a morphism.
Conversely, suppose f ′ is a morphism. Let x′ ∈ X ′, f ′(x′) = b′ ∈ B′. Since the three
morphisms X ′ → X, X → B and B′ → B are toroidal, we have a toric morphism g : Xσ′ → Xτ ′
where (Xσ′ , s
′) and (Xτ ′, t
′) are local models at x′ and b′. Thus g∆(σ
′) ⊂ τ ′. But g∆|σ′ = f∆|σ′ ,
hence f∆(σ
′) ⊂ τ ′. Since this is true for x′ in any stratum of X, we get that for any cone
σ′ ∈ ∆X′ , f∆(σ′) ⊂ τ ′ for some τ ′ ∈ ∆B′ .
2. Toroidal reduction
2.1. Statement of result. The purpose of this section is to modify any family of varieties
into a toroidal morphism.
Theorem 2.1. Let f : X → B be a projective, surjective morphism with geometrically integral
generic fiber, and assume B integral. Let Z ⊂ X be a proper closed subscheme. There exist a
diagram as follows:
UX ⊂ X ′ mX→ X
↓ ↓ f ′ ↓ f
UB ⊂ B′ mB→ B
such that mB and mX are modifications, X
′ and B′ are nonsingular, the inclusions on the left
are toroidal embeddings, and such that
1. f ′ is toroidal.
2. Let Z ′ = m−1X Z. Then Z
′ is a strict normal crossings divisor, and Z ′ ⊂ X ′ \ UX′.
2.2. To begin the proof, we proceed by induction on the relative dimension of f .
If the relative dimension of f is 0, let mX : X
′ → X be a resolution of singularities such that
Z ′ = m−1X Z is a strict normal crossings divisor, let B
′ = X ′ and mB = f ◦mX , and f ′ = id the
identity.
Assume we have proven the result for morphisms of relative dimension n − 1, and consider
the case rel. dim f = n.
2.3. Preliminary reduction steps. First, we may replace X by its normalization, therefore
we may assume X normal, and by blowing up Z in X we may assume Z a Cartier divisor.
Let η ∈ B be the generic point of B. By the projectivity assumption we have X ⊂ PNB for
some N . Choosing a generic projection PNη 99K P
n−1
η we get a rational map Xη 99K P
n−1
η .
Replacing X by the closure of the graph of this map, we may assume that we have a morphism
g : X → Pn−1B = P .
2.4. Semistable reduction of a family of curves. By [dJ2], Theorem 2.4, we have a diagram
as follows:
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X1
α→ X
↓ g1 ↓ g
P1
a→ P
↓
B
and a finite group G ⊂ AutPP1, with the following properties:
1. The morphism a : P1 → P is a Galois alteration with Galois group G.
2. The action of G lifts to AutXX1, and α : X1 → X is a Galois alteration with Galois group
G.
3. There are n disjoint sections σi : P1 → X1 such that the strict altered transform Z1 ⊂ X1
of Z is the union of their images, and G permutes the sections σi.
4. The morphism g1 : X1 → P1 is a nodal family of curves, and σi(P1) is disjoint from Sing g1.
We may replace X, P and Z by X1/G and P1/G, and α
−1Z/G. Note that α−1Z/G is not
necessarily equal to the union of the images of σi, but the complement lies over a proper closed
subset in P1.
2.5. Using the inductive hypothesis. Let ∆ ⊂ P be the union of the loci over which Z, P1
or X1 are not smooth. We apply the inductive assumption to ∆ ⊂ P → B, and obtain a
diagram as follows:
UP →֒ P ′ m→ P
↓ ↓ ↓
UB →֒ B′ → B
Such that P ′, B′ are nonsingular, P ′ → P and B′ → B are modifications, the left square is
a toroidal morphism, and m−1∆ is a divisor of strict normal crossings contained in P ′ \ UP .
We may again replace P,B by P ′, B′, and further we may replace X,X1, P1, Z and σi by
their pullback to P ′. In particular P → B has a toroidal structure, and P1 → P is unramified
over UP . By Abhyankar’s lemma, since P1 is normal, it inherits a toroidal structure given by
UP1 = m
−1UP as well, so that P1 → P is a toroidal finite morphism.
2.6. Conclusion of proof. Now X1 → P1 is a nodal family which is smooth over UP , therefore
it as well inherits a toroidal structure UX1 ⊂ UX , where UX1 = (g1−1UP1) \ (∪σi(P1)); e.g. local
equations around a node are of the form uv = f(t), where f(t) is a monomial on P1. Notice
that α−1Z is a divisor contained in UX1 (see [ℵ-dJ], 1.3).
In this situation we can apply the procedure of [ℵ-dJ], section 1.4 to make the group G
act toroidally on X1: first we blow up the scheme Sing g1 to separate the branches of the
nodes. Then we are in the situation of Proposition 1.8 of [ℵ-dJ], namely there is a canonical
G-equivariant blowup d : X˜1 → X1 such that G acts strictly toroidally on b−1UX1 ⊂ X˜1. Let
X ′ = X˜1/G, then X
′ → B inherits a toroidal structure and X ′ → X is birational; moreover,
Z ′ ⊂ X ′ is a divisor contained in X ′ \ UX′ . Applying toroidal resolution of singularities, the
induction step is proven.
3. Removing horizontal divisors
We may now replace X → B by X ′ → B′, and thus we may assume that the morphism f is
toroidal. Our goal in this section is to arrive at a situation where f−1UB = UX .
The rough idea is, that a morphism between nonsingular toroidal embeddings f : X → B is
locally given by monomials ti = x
k1
1 · · ·xkrr , in which the variables defining horizontal divisors
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cannot appear, so these divisors are unnecessary in the toroidal description. We make this
precise by a simple translation argument.
Proposition 3.1. Let UX ⊂ X and UB ⊂ B be nonsingular toroidal embeddings and f : X →
B a surjective toroidal morphism. Then, denoting U ′X = f
−1(UB) ⊃ UX, we have that U ′X ⊂ X
is a toroidal embedding, and f : (U ′X ⊂ X)→ (UB ⊂ B) is a toroidal morphism.
Proof. Since f maps UX into UB, f
−1(B \ UB) as a set is a union of divisors supported in
X \ UX . In local models these divisors are all T-invariant.
Consider local models (Xσ, s) at x, (Xτ , t) at f(x), and the toric morphism g : Xσ → Xτ .
We may assume that v1, . . . , vn is a basis of Nσ and σ is generated by v1, . . . , vk. Then
Xσ ∼= Ak × Gn−km , and we may take s = (0, 1). Let the closures of the orbits corresponding to
v1, . . . , vj be the horizontal divisors. That means, g∆(vi) = 0 for i = 1, . . . , j, and g factors
through the projection:
g : Xσ ∼= Aj ×Ak−j ×Gn−km → Ak−j ×Gn−km → Xτ
Now take s′ = (1, 0, 1) ⊂ Aj×Ak−j×An−k. From the factorization of g we see that g(s′) = g(s).
Translation by (1, 0, 0) gives an isomorphism of the local rings at s and s′ so that the ideals of
the T-invariant divisors passing trough s′ corresponds to the ideal of the vertical T-invariant
divisors passing through s. Thus, (Xσ, s
′) is a local model for the embedding U ′X ⊂ X at x ∈ X
and g : (Xσ, s
′)→ (Xτ , t) is the toric morphism of the local models representing f .
4. Making the morphism equidimensional
The goal of this section is to perform modifications on B and X, after which the morphism
becomes equidimensional. First a lemma which characterizes equidimensional toroidal mor-
phisms:
Lemma 4.1. Let f : X → B be a surjective toroidal morphism, f∆ : ∆X → ∆B the associated
morphism of polyhedral complexes. Then f is equidimensional if and only if for any cone
σ ∈ ∆X, we have f∆(σ) ∈ ∆B. That is, the image of a cone of ∆X is a cone of ∆B.
Proof. Computing the dimension of a local ring commutes with taking the completion.
Thus, it suffices to consider local models. The generic fiber of a toric morphism f : Xσ → Xτ
has dimension Rank(Nσ) − Rank(Nτ ). Now f maps a k-dimensional orbit corresponding to
a (Rank(Nσ) − k)-dimensional face σ′ of σ onto some l-dimensional orbit corresponding to a
(Rank(Nτ )− l)-dimensional face τ ′ of τ . Thus f is equidimensional if and only if
(Rank(Nσ)− k)− (Rank(Nτ )− l) ≤ Rank(Nσ)− Rank(Nτ ),
that means l ≤ k. Every k-dimensional cone maps to an l-dimensional cone for l ≤ k if and
only if the image of every cone is a cone.
Remark 4.2. In case τ is simplicial the condition of the theorem is equivalent to the statement
that all 1-dimensional faces of σ map to 0 or 1-dimensional faces of τ .
The following lemma is a slight generalization of the toric Chow’s lemma ([D] 6.9.2 page
119).
Lemma 4.3. Given a polyhedral complex ∆ and a subdivision ∆′ of ∆, there exists a projective
subdivision ∆′′ of ∆ which refines ∆′.
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Proof. First, we show that it suffices to find a “good” function ψ (see Section 1) on each
cone σ ∈ ∆. Indeed, if for each σ ∈ ∆ we have found a good function ψσ : σ → R, then a good
function on |∆| is the sum
ψ =
∑
σ∈∆
ψ¯σ
where ψ¯σ : |∆| → R is a good extension of ψσ constructed as follows. To extend ψσ to a cone
τ ∈ ∆ we proceed by induction on the dimension of τ (cf. [KKMS] Lemma 1, page 33). If
dim τ = 1 and τ is not a face of σ, define ψ¯σ|τ ≡ 0. Now assume that dim τ > 1 and ψ¯σ is
defined on ∂τ . Choose a point x in the relative interior of τ and define
ψ¯σ(λx+ (1− λ)y) = λC + (1− λ)ψ¯σ(y), y ∈ ∂τ, 0 ≤ λ ≤ 1.
For big C ∈ Q the extension ψ¯σ|τ is convex.
Now let σ ∈ ∆ with dim σ = n. For every n− 1 dimensional cone τ ∈ ∆′ in the subdivision
of σ choose a linear rational function lτ : σ → R such that τ is the subset of σ defined by lτ = 0.
Then the sum
ψσ(x) = −
∑
τ
|lτ (x)|
is a good function on σ.
Proposition 4.4. Let UX ⊂ X and UB ⊂ B be toroidal embeddings with polyhedral complexes
∆X and ∆B respectively, and assume that B is nonsingular. Let f : X → B be a surjective
toroidal morphism. Then there exist projective subdivisions ∆′X of ∆X and ∆
′
B of ∆B with ∆
′
B
nonsingular, such that the induced map f ′ : X ′ → B′ is an equidimensional toroidal morphism.
If f−1(UB) = UX then (f
′)−1(UB′) = UX′.
Proof. There exists a subdivision of ∆B “induced” by ∆X . For x ∈ τ ∈ ∆B let Sx be the
set of cones σ ∈ ∆X such that σ ∩ f−1∆ (x) 6= {0}. Since f∆ is surjective, Sx 6= ∅. The relation
x ∼ y ⇔ Sx = Sy for x, y ∈ τ is clearly an equivalence, hence it defines a partition of ∆B. The
equivalence class of x is ⋂
σ∈Sx
f∆(σ)
which is a convex rational polyhedral subcone of τ . Thus the partition defines a subdivision
∆0B of ∆B such that f∆(σ) for any cone σ ∈ ∆X is a union of cones in ∆0B. By the previous
lemma there exists a refinement ∆1B of ∆
0
B which is a projective subdivision of ∆B. Finally, we
let ∆′B be a nonsingular projective subdivision of ∆
1
B.
For f∆ to map cones of ∆X to cones of ∆
′
B, the complex ∆X has to be subdivided. Since
the subdivision ∆′B of ∆B is projective, there exists a good function ψ on |∆′B| = |∆B|. The
piecewise linear function ψ ◦ f∆ defines a projective subdivision ∆′X of ∆X whose cones map
into cones of ∆′B. If σ ∈ ∆′X then f∆(σ) is a union of faces of some cone τ ∈ ∆B. Since f∆ is
linear on σ, f∆(σ) is convex in τ , hence f∆(σ) is a face of τ .
If we assume from the beginning that f−1(UB) = UX , that means f
−1
∆ (0) ∩ |∆X | = 0, then
clearly the same is true for any subdivision |∆′X | = |∆X |, hence (f ′)−1(UB′) = UX′ .
5. Kawamata’s trick and reduced fibers
5.1. Statement of result. The goal in this section is to find a finite base change, after which
all the fibers in the resulting morphism are reduced. The base change we perform will not
necessarily be toroidal, but the morphism after base change will still be toroidal.
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Proposition 5.1. Let UX ⊂ X and UB ⊂ B be projective toroidal embeddings, and assume
that B is nonsingular. Let f : X → B be a surjective equidimensional toroidal morphism
with f−1(UB) = UX . Then there exists a finite surjective morphism p : B
′ → B so that,
denoting by X ′ the normalization of X×B B′, we have that B′ and X ′ are toroidal embeddings,
the projection f ′ : X ′ → B′ is an equidimensional toroidal morphism with reduced fibers, and
(f ′)−1(UB′) = UX′.
The construction of X ′ and B′ is more explicitly given in Proposition 5.9, where the polyhe-
dral complexes of X ′ and B′ are also described.
5.2. The toric pictures. To start, we characterize equidimensional toroidal morphisms with
reduced fibers in terms of polyhedral complexes.
Lemma 5.2. Let f : X → B be an equidimensional toroidal morphism, f∆ : ∆X → ∆B the
associated morphism of polyhedral complexes. Then f has reduced fibers if and only if for any
cone σ ∈ ∆X, with image τ ∈ ∆B, we have f∆(Nσ ∩ σ) = Nτ ∩ τ . That is, the image of the
lattice in any cone of X is the lattice in the image cone.
Proof. It suffices to consider the toric morphism of local models f : Xσ → Xτ and the
fiber over a point t ∈ Xτ lying in the closed orbit of Xτ . If the orbit of t is not {t} then Xτ
is a product Xτ = Xτ ′ × Gqm for some q > 0. Without loss of generality we may then replace
Xτ by Xτ ′ , and replace f by p ◦ f where p : Xτ → Xτ ′ is the projection. Indeed, the fiber
(p ◦ f)−1(p(t)) is isomorphic to f−1(t) × Gqm, and p∆ gives an isomorphism p∆ : Nτ ∩ τ ∼=
Nτ ′ ∩ τ ′. Thus we may assume that {t} is the unique closed orbit of Xτ . The ideal of f−1(t) is
generated by k[f∨∆(τ
∨∩ (Mτ \ {0}))] ⊂ k[σ∨∩Mσ]. The fiber is reduced if and only if the image
f∨∆(τ
∨∩(Mτ \ {0})) is saturated in σ∨∩Mσ. This happens if and only if f∆(Nσ∩σ) = Nτ∩τ .
When Xτ is nonsingular, the condition of the lemma is that primitive points of σ map to
primitive points of τ .
Lemma 5.3. Let Xσ → Xτ be a toric morphism with Xτ nonsingular. Let Xτ ′ be a toric
variety given by τ ′ = τ and Nτ ′ ⊂ Nτ a sublattice of finite index. Then every irreducible
component of the normalization of Xσ ×Xτ Xτ ′ is a toric variety Xσ′ given by the cone σ′ = σ
and integral lattice Nσ′ = Nσ ∩ f−1∆ (Nτ ′).
Proof. The ring of regular functions of Xτ ′ ×Xτ Xσ is
OXτ ′ ⊗OXτ OXσ = k[(τ ′)∨ ∩Mτ ′ ]⊗k[τ∨∩Mτ ] k[σ∨ ∩Mσ] = k[π]
where π is the pushout of j : τ∨ ∩Mτ → (τ ′)∨ ∩Mτ ′ and f∨∆ : τ∨ ∩Mτ → σ∨ ∩Mσ:
π = ((τ ′)∨ ∩Mτ ′)× (σ∨ ∩Mσ)/ ∼ .
Here ∼ is the equivalence relation generated by:
(v1, w1) ∼ (v2, w2) whenever there exists u ∈ τ∨ ∩ Mτ such that (v1, w1) = (v2, w2) ±
(u,−f∨∆(u)).
Let M be the abelian group
M =Mτ ′ ×Mσ/((u,−f∨∆(u)))|u ∈ τ∨ ∩Mτ ).
We will show that the semigroup homomorphism ι : π → M is injective. Suppose that
ι(v1, w1) = ι(v2, w2), where v1, v2 ∈ (τ ′)∨ ∩ Mτ ′ and w1, w2 ∈ σ∨ ∩ Mσ. Say (v1, w1) =
(v2, w2) + (u,−f∨∆(u)) for some u ∈ Mτ . Let t1, . . . , tm ∈ τ∨ be a basis of Mτ , so that in this
basis τ∨ is given by the inequalities ti ≥ 0, for i = 1, . . . , k. Write u =
∑
i αit1 with αi ∈ Z.
Collecting positive and negative terms, we get u = u1−u2 with u1, u2 ∈ τ∨∩Mτ . Writing v1, v2
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in terms of ti and expanding the equation v1 = v2 + u1 − u2, we see that v2 − u2 ∈ τ∨ ∩Mτ ′ .
Let (v3, w3) = (v2 − u2, w2 + f∨∆(u2)). Clearly
(v1, w1) ∼ (v3, w3) ∼ (v2, w2)
and ι is injective.
The integral closure of k[π] in k[M ] is the semigroup algebra k[π˜] where π˜ is the saturation
of π in M . Write M = F ⊕ T where F is the free part and T is torsion. Then T ⊂ π˜ because
mT = 0 for some m > 0. For any f + t ∈ π˜ where f ∈ F and t ∈ T , we have −t ∈ T ⊂ π˜,
hence f ∈ π˜. Thus
π˜ ∼= (π˜ ∩ F )⊕ T.
If ti are generators of T of order mi, and if xi is the image of ti in k[π˜], then
k[π˜] ∼= k[π˜ ∩ F ][. . . , xi, . . . ]/(xmii = 1)
Thus the normalization of Spec k[π˜] has |T | components with xi = ζi where ζi are mi’th roots
of unity, each component isomorphic to Spec k[π˜ ∩ F ].
Next we show that F can be embedded in Mσ ⊗ R so that Mσ ⊂ F . The image of the
homomorphism φ : M →Mσ⊗R defined by φ(v, w) = f∨∆(v)+w for v ∈Mτ ′ , w ∈Mσ contains
Mσ. Since M and Mσ have the same rank, φ embeds F in Mσ ⊗ R as a lattice of full rank
containing Mσ. As f
∨
∆ takes τ
∨ into σ∨, we see that φ maps π˜ ∩ F into σ∨ so that the image
contains σ∨ ∩Mσ. Therefore, Spec k[π˜ ∩ F ] is a toric variety defined by the cone σ′ = σ and
integral lattice Nσ′ = F
∨. To determine F∨, first, we have Mσ ⊂ F , hence F∨ ⊂ Nσ; second,
f∨∆(Mτ ′) ⊂ F implies that f∆(F∨) ⊂ Nτ ′ . Conversely, Nσ ∩ f−1∆ (Nτ ′) ⊂ F∨, so the two are
equal.
To get a toric morphism with reduced fibers, one can take a base change Xτ ′ → Xτ , where
τ ′ = τ and Nτ ′ ⊂ Nτ is a sublattice of finite index. By Lemma 5.3 every component Xσ′ of the
normalization of Xσ ×Xτ Xτ ′ is a toric variety defined by the cone σ′ = σ and integral lattice
Nσ′ = Nσ ∩ f−1∆ (Nτ ′). By a judicious choice of Nτ ′ the fibers of Xσ′ → Xτ ′ are reduced.
5.3. Kawamata’s covering. To perform a similar base change in the toroidal case we need a
toroidal morphism B′ → B which ramifies over a divisor D with a certain index.
Definition 5.4. Let L be a Cartier divisor on B, and let D ∈ |mL|. Choose a rational section
sL of OB(L) defining L and a regular section sD of OB(mL) defining D. Consider the rational
function φ = sD/s
m
L on B. Then the field K(B)(
m
√
φ) depends only on D and O(L). The
normalization of B in K(B)( m
√
φ) is called the cyclic cover ramified along D with index
m.
Remark 5.5. Another way to define the cyclic cover, is as the normalization of
SpecBSym•
(OB(L)∨)/({f − s(f)}f)
where we view s as a morphism s : OB(kL)→ OB((k +m)L).
When B is nonsingular and D a divisor of normal crossings so that sD = x1 · · ·xl for some
local parameters x1, . . . , xl, then the cyclic cover has a local equation
zm = x1 · · ·xl.
It is nonsingular if and only if l = 1.
Let UB ⊂ B be a nonsingular projective (strict) toroidal embedding. Then B \ UB =
∑
Di
is a strict divisor of normal crossings. Consider the data (Di, mi) where Di are the irreducible
components of B \ UB and mi are positive integers, i = 1, . . . , m.
A Kawamata covering package consists of (Di, mi, Hij) with the following properties:
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1. Hij are effective reduced nonsingular divisors on B, for i = 1, . . . , m, j = 1, . . . , dimB.
2.
∑
iDi +
∑
i,j Hij is a reduced divisor of normal crossings (in particular, Hij are distinct).
3. Di +Hij ∈ |miLi| for some Cartier divisor Li for all i, j.
To find Hij , let M be an ample divisor. Take a multiple of M if necessary so that miM −Di
is very ample for all i, and choose Hij general members in |miM −Di|.
Now let Bij be the cyclic cover ramified along Di+Hij with index mi; let B
′ be the normal-
ization of
B1,1 ×B . . .×B Bm,dimB
and let p : B′ → B be the projection.
Lemma 5.6 (Kawamata). The variety B′ is nonsingular, ramified with index mi along Di +
Hij. The reduction of the inverse image p
∗(
∑
iDi+
∑
i,j Hij)red is a divisor of normal crossings.
Proof. Let xi be local equations of Di, and let yij be local equations of Hij at b ∈ B. Then
Bij is locally given by the equation
zmiij = xiyij
It suffices to prove that the normalization of ×jBij is nonsingular for all i. If b ∈ Di then since⋃
j Hij ∩ Di = ∅, say b /∈ Hi,0, and yi,0 is a unit in OB,b. The normalization of the product
×jBij is locally defined by the equations
zmii,1 = xi
(
zi,j
zi,1
)mi = yi,j j = 2, . . .dimB.
Since xi, yi,2, . . . , yi,dimB are either units or local parameters in OB,b, it follows that the nor-
malization of the product ×jBij is nonsingular at b. A similar situation happens when b /∈ Di,
since then xi is a unit in OB,b. Thus, B′ is nonsingular and ramified with index mi along Di
and Hij. Replacing B by Di or Hij , we get that p
∗(
∑
iDi +
∑
i,j Hij)red is a divisor of normal
crossings.
Let U˜B = B \ (
⋃
i,j Hij ∪Di), and U˜B′ = p−1(U˜B). Both U˜B ⊂ B and U˜B′ ⊂ B′ are toroidal
embeddings because B,B′ are nonsingular and the divisors B \ U˜B, B
′ \ U˜B′ cross normally.
From the construction and local equations we also see that p is a toroidal morphism with
respect to this structure. If b′ ∈ B′, b = p(b′) ∈ B, then there exist local parameters {xl} at b
and {zl} at b′ such that p is defined by xl = zall where al = mi if the divisor defined by xl is Di
or Hij, otherwise al = 1. We denote the polyhedral complexes of U˜B ⊂ B and U˜B′ ⊂ B′ by ∆˜B
and ∆˜B′ , respectively. So, every cone τ
′ ∈ ∆˜B′ is mapped homeomorphically to a cone τ ∈ ∆˜B
by p∆. If Nτ has basis u1, . . . , um then Nτ ′ has basis a1u1, . . . , amum where al are as above.
5.4. The toroidal picture. We need to see how adding the divisors Hij to the toroidal struc-
ture of B affects the toroidal structure of X.
Lemma 5.7. Let f : X → B be toroidal, B nonsingular, H a generic hyperplane section of B.
Let x ∈ X, b = f(x) ∈ H. Then
(i) there exist local models (Xσ = X
′
σ ×Gm, z × 1) at x and (Xτ = X ′τ ×Gm, y × 1) at b such
that H corresponds to the divisor X ′τ × {1} and the morphism f is a product of toroidal
morphisms
f = g × id : X ′σ ×Gm → X ′τ ×Gm
(ii) UB \ H ⊂ B, UX \ f−1(H) ⊂ X are toroidal embeddings and f is a toroidal morphism of
these embeddings.
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Proof. Let (Xσ, s) and (Xτ , t) be local models at x ∈ X and b = f(x) ∈ B, respectively,
and let f also denote the toric morphism of the local models defined by
f∆ : (Nσ, σ)→ (Nτ , τ)
Clearly UB \ H ⊂ B is toroidal and we may assume that it has a local model (X<τ,v>, t′), where
< τ, v > is the cone spanned by τ and some indivisible v ∈ Nτ , and where t′ lies in the unique
closed orbit of X<τ,v>. Write Nτ,2 for the saturated sublattice of Nτ generated by v, and choose
a splitting
Nτ ∼= Nτ,1 ⊕Nτ,2
Xτ ∼= X ′τ ×Gm
X<τ,v> ∼= X ′τ × A1
Since f is dominant, N˜τ,2 = f∆(f
−1
∆ (Nτ,2)) is a sublattice of finite index of Nτ,2. The inclusion
N˜τ,2 ⊂ Nτ,2 corresponds to an e´tale cover of Gm. Since the completed local rings are isomorphic,
we may replace the local model by a local model in the e´tale cover and assume that f−1∆ (Nτ,2)
surjects onto Nτ,2.
Let Nσ,1 = f
−1
∆ (Nτ,1) ⊂ Nσ and let Nσ,2 ⊂ Nσ be generated by some u ∈ Nσ such that
f∆(u) = v. For any w ∈ Nσ, f∆(w) = v1 + v2 ∈ Nτ,1 ⊕ Nτ,2, there exists m ∈ Z so that
f∆(mu) = v2. Hence w −mu ∈ Nσ,1, and Nσ = Nσ,1 +Nσ,2. Since Nσ,1 ∩ Nσ,2 = {0} the sum
is direct,
Nσ ∼= Nσ,1 ⊕Nσ,2
Xσ ∼= X ′σ ×Gm
and f∆ maps Nσ,1 to Nτ,1 and Nσ,2 to Nτ,2. Thus the toric morphism f is a product f = g × h
where g : X ′σ → X ′τ and h = id : Gm → Gm are the toric morphisms induced by the restriction
of f∆ to Nσ,1 and Nσ,2, respectively. Since f∆ maps < σ, u > to < τ, v >, f extends to a toric
morphism
f : X<σ,v> ∼= X ′σ × A1 g×id−−→ X ′τ × A1 ∼= X<τ,v>
For t = (y, 1) ∈ X ′τ × Gm ⊂ X ′τ × A1 the complete local rings OˆX′τ×Gm,(y,1) and OˆX′τ×A1,(y,0)
are isomorphic via translation. The closures of codimension 1 orbits through (y, 0), are those
through (y, 1) plus X ′τ ×{0} which formally corresponds to H . Similarly, for s = (z, 1) ∈ X ′σ×
Gm ⊂ X ′σ×A1 the ring OˆX′σ×Gm,(z,1) is isomorphic to OˆX′σ×A1,(z,0) via translation, and the closures
of codimension 1 orbits through (z, 0), are those through (z, 1) plus X ′σ × {0} = f ∗(X ′τ × {0})
which formally corresponds to f ∗(H).
Thus (X<σ,u>, (z, 0)) and (X<τ,v>, (y, 0)) are local models at x ∈ X and b ∈ B, respectively,
and the morphism
f : (UX \ f
−1(H) ⊂ X)→ (UB \ H ⊂ B)
is toroidal.
It follows from the lemma that f : (U˜B ⊂ B)→ (U˜X ⊂ X) is toroidal, where U˜X = f−1(U˜B).
By Lemma 5.3, the normalization X ′ of X ×B B′ is toroidal. Let f ′ : X ′ → B′, p′ : X ′ → X be
the (toroidal) projections, and let ∆˜X , ∆˜X′ be the polyhedral complexes of X,X
′.
X ′
p′−−−→ X
f ′
y yf
B′
p−−−→ B
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Then p′∆ maps a cone σ
′ ∈ ∆˜X′ homeomorphically to a cone σ ∈ ∆˜X ; the integral lattice of σ′
can then be identified with a sublattice Nσ′ ⊂ Nσ.
The following lemma shows that the added divisors p−1(Hij) and (p ◦ f ′)−1(Hij) can be
removed from the toroidal structures of B′ and X ′ so that f ′ (but not p or p′) remains toroidal.
Lemma 5.8. p−1(UB) ⊂ B′ and (p ◦ f ′)−1(UB) ⊂ X ′ are toroidal embeddings and f ′ is a
toroidal morphism of these embeddings.
We show how to remove one irreducible divisor H = Hij for some i, j. Since the question is
local, choose local models Xσ, Xτ and Xτ ′ of X, B, and B
′ so that both f and p are products
f : Xσ ∼= X ′σ × A1 g×id−−→ X ′τ × A1 ∼= Xτ
p : Xτ ′ ∼= X ′ρ × A1 q×r−−→ X ′τ × A1 ∼= Xτ
where all morphisms are toric and H corresponds to X ′τ × {0}. Since p ramifies along H , the
morphism r : A1 → A1 has degree m ≥ 2.
The fiber product is then
X ′′ = (X ′σ ×A1)×X′τ×A1 (X ′τ ′ ×A1)
∼= (X ′σ ×X′τ X ′τ ′)× (A1 ×A1 A1)
∼= (X ′σ ×X′τ X ′τ ′)× A1
and the projection X ′′ → Xτ ′ is the product of the projection X ′σ×X′τ X ′τ ′ → X ′τ ′ and id : A1 →
A1. The divisor (p ◦ f ′)∗(H) in X ′′ is X ′σ ×X′τ X ′τ ′ × {0} and by the same translation argument
as above we can remove p∗(H) and (p ◦ f ′)∗(H) from the toroidal structures of B′ and X ′′,
respectively.
Let ∆X′ ,∆B′ be the polyhedral complexes of the embeddings p
−1(UB) ⊂ B′ and (p ◦
f ′)−1(UB) ⊂ X ′. Removing the divisors p−1(Hij) and (p ◦ f ′)−1(Hij) means removing the
corresponding edges (and everything attached to them) from the polyhedral complexes ∆˜B′
and ∆˜X′ . As p∆ and p
′
∆ map cones of ∆˜B′ and ∆˜X′ homeomorphically to cones of ∆˜B and ∆˜X ,
restrictions of p∆ and p
′
∆ map cones of ∆B′ and ∆X′ homeomorphically to cones of ∆B and
∆X . We summarize the previous constructions in the following proposition.
Proposition 5.9. With the assumptions of Proposition 5.1, let ui be the primitive points of
∆B, and let mi > 0 for i = 1, . . . , l. There exists a finite covering p : B
′ → B so that, if X ′ is
the normalization of X ×B B′ and f ′ : X ′ → B′, p′ : X ′ → X the two projections, we have
(i) UX′ ⊂ X ′ and UB′ ⊂ B′ are toroidal embeddings with polyhedral complexes ∆X′ and ∆B′;
moreover, f ′ is a toroidal morphism of these embeddings.
(ii) There exist morphisms
p∆ : ∆B′ → ∆B
and
p′∆ : ∆X′ → ∆X ,
such that
◦ for any cone τ ′ ∈ ∆B′ , the morphism p∆ maps τ ′ isomorphically to τ , and identifies
Nτ ′ with the sublattice of Nτ generated by miui;
◦ for any cone σ′ ∈ ∆X′, p′∆ maps σ′ isomorphically to σ, and identifies Nσ′ with the
sublattice Nσ ∩ f−1∆ (Nτ ′) of Nσ
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◦ The following diagrams commute:
σ′
∼=−−−→
p′
∆
σ
f ′
∆
y yf∆
τ ′
∼=−−−→
p∆
τ
Nσ′
⊂−−−→
p′
∆
Nσ
f ′
∆
y yf∆
Nτ ′
⊂−−−→
p∆
Nτ
Proof of 5.1 Let ∆X , ∆B be the polyhedral complexes of X, B, and f∆ : ∆X → ∆B. By
equidimensionality, f∆ maps σ
(1) to τ (1). If ui are the primitive points of ∆B, let vij be the
primitive points of ∆X such that f∆(vij) = mijui for some mij > 0. Set mi = lcmj{mij}.
Then for all i, j, some multiple of vij maps to miui. Now we use the covering data (Di, mi)
to define the toroidal morphism f ′ : X ′ → B′ as in the previous proposition. Let σ′ ∈ ∆X′ ,
f ′∆(σ
′) = τ ′ ∈ ∆B′ . There exist σ ∈ ∆X , τ ∈ ∆B such that σ′ ∼= σ, τ ′ ∼= τ . The integral lattice
Nτ ′ is generated by miui with ui lying on the edges of τ , and Nσ′ = Nσ ∩ f−1∆ (Nτ ′). For any
edge of σ′ spanned by vij, some multiple aijvij maps to miui. Hence aijvij ∈ Nσ′ is primitive
and maps to the primitive point miui. This proves that f
′ has reduced fibers.
6. Mildness of the morphism
Recall that a normal varietyX is said to have Gorenstein singularities if it is Cohen-Macaulay
and has an invertible dualizing sheaf ωX . It is said to have rational singularities, if for a
resolution of singularities r : X ′ → X we have r∗ωX′ = ωX . Every toric variety is Cohen-
Macaulay with rational singularities ([KKMS] Theorem 14, p. 52). The dualizing sheaf of an
affine toric variety Xτ is the coherent sheaf ωXτ = O(−
∑
Di) where Di are closures of the
codimension 1 orbits. This sheaf is invertible if and only if there exists an element ofM (namely
a linear function on τ taking integer values on N) such that ψ(v) = −1 for all v ∈ τ (1).
Lemma 6.1. Let Xσ and Xτ be affine toric varieties with Xτ nonsingular. Let f : Xσ → Xτ
be an equidimensional toric morphism without horizontal divisors, having only reduced fibers.
Then Xσ has rational Gorenstein singularities.
Proof. Since Xτ is nonsingular, it has rational Gorenstein singularities. Let ψ : τ → R be
the linear interpolation of ψ(ui) = −1 for every primitive point ui of τ . Then ψ ◦ f∆ : σ → R
is the required function. It is linear because ψ and f∆ are; since f is equidimensional and has
reduced fibers, primitive points in σ map to primitive points in τ , hence ψ ◦ f∆ takes the value
−1 on every primitive point of σ.
Lemma 6.2. Let UX ⊂ X and UB ⊂ B be toroidal embeddings, and assume that B is nonsin-
gular. Let f : X → B be an equidimensional toroidal morphism, without horizontal divisors,
and with reduced fibers. Then X has rational Gorenstein singularities.
Proof. Having rational Gorenstein singularities is a local analytic property. Since all local
models have rational Gorenstein singularities, so does X.
To show that the morphism is mild, we need to look at the situation after dominant base
changes. We first look at the cases where the base change is relatively nice:
Lemma 6.3. Let f : X → B be as above. Let g : B′ → B be a dominant morphism, where B′
a nonsingular variety, and assume that g−1(B \ UB) is a normal crossings divisor. Let X
′ be
the pullback of X to B′. Then X ′ → B′ admits a toroidal structure relative to g−1UB ⊂ B′.
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Proof. We use the formalism of logarithmic structures. By [Kato1], §8.1, the morphism
X → B is logarithmically smooth. Also g−1UB ⊂ B′ endows B′ with a logarithmically regular
structure. Moreover g : B′ → B is a morphism of logarithmic schemes. The variety X ′ thus
inherits a logarithmic structure. The morphism X ′ → B′ clearly satisfies the formal lifting
property for logarithmic smoothness ([Kato1], §8.1,(i)). It is left to show that X ′ satisfies
condition (S) ([Kato1] §1.5). Indeed, since f is equidimensional, the fibers of f are reduced and
B′ is normal, it follows that X ′ is regular in codimension 1. Since f is a Gorenstein morphism
and B is Gorenstein, we have that X ′ is Gorenstein, in particular it is Cohen Macaulay. It
then follows that X ′ is normal. Combining this with the assumption that f ∗MB is saturated in
MX , we have that the monoids giving the logarithmic charts on X
′ are integral and saturated.
Altogether, we have that X ′ satisfies condition (S). Therefore f ′ : X ′ → B′ is logarithmically
smooth, and thus toroidal.
Lemma 6.4. Let f : X → B be a flat Gorenstein morphism and assume that B has rational
Gorenstein singularities. Assume there is a modification r : B′ → B with rational Goren-
stein singularities, such that X ′ = X ×B B′ has rational singularities. Then X has rational
singularities as well.
Proof. Consider the diagram
X ′
h→ X
f ′ ↓ ↓ f
B′
r→ B.
By base change we have h∗ωf = ωf ′. By assumption we have ωB = r∗ωB′ . The flatness of f
implies f ∗r∗ωB′ = h∗f
′∗ωB′. Therefore we have
h∗ωX′ = h∗(ωf ′ ⊗ f ′∗ωB′)
= h∗(h
∗ωf ⊗ f ′∗ωB′)
= ωf ⊗ h∗f ′∗ωB′
= ωf ⊗ f ∗r∗ωB′
= ωf ⊗ f ∗ωB
= ωX .
Thus X has rational singularities.
Proposition 6.5. Let UX ⊂ X and UB ⊂ B be toroidal embeddings and assume that B is
nonsingular. Let f : X → B be an equidimensional morphism with reduced fibers, which is
toroidal such that UX = f
−1UB. Then f is mild.
Proof. Let B1 → B be a dominant morphism such that B1 has rational Gorenstein singu-
larities. We need to show that X1 = X ×B B1 has rational Gorenstein singularities. By lemma
6.2 it has Gorenstein singularities.
Pick a resolution of singularities B′ → B1 such that the inverse image of B \ UB in B′ is a
divisor with normal crossings. By lemma 6.3 we have that X ′ = X ×B B′ is toroidal, therefore
X ′ has rational singularities. By lemma 6.4 we have that X1 has rational singularities as well,
which is what we needed.
7. The Cartier covering
In section 8 below we will translate the semistable reduction conjecture in purely combina-
torial terms. In order to maximize the flexibility of the combinatorial operations, we need to
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generalize Kawamata’s trick slightly to accommodate cases where B has quotient singularities.
In such a situation we need a finite cover of B which is nonsingular, and such that the resulting
polyhedral complex is easily described. The following statement will suffice for this purpose.
Proposition 7.1. Let UX ⊂ X and UB ⊂ B be projective toroidal embeddings, and assume
that B has only quotient singularities. Let f : X → B be a surjective mild toroidal morphism,
satisfying f−1(UB) = UX . Then there exists a finite surjective morphism p : B
′ → B so that,
denoting X ′ = X ×B B′, UB′ = p−1UB and UX′ = X ×B UB′ we have
1. B′ and X ′ are toroidal embeddings with polyhedral complexes ∆X′ and ∆B′ , with B
′ non-
singular;
2. the projection f ′ : X ′ → B′ is a mild toroidal morphism;
3. There exist morphisms
p∆ : ∆B′ → ∆B
and
p′∆ : ∆X′ → ∆X ,
such that
◦ for any cone τ ′ ∈ ∆B′ , the morphism p∆ maps τ ′ isomorphically to τ , and identifies
Nτ ′ with the sublattice of Nτ generated by the primitive vectors of τ ;
◦ for any cone σ′ ∈ ∆X′, p′∆ identifies Nσ′ with the sublattice Nσ ∩ f−1∆ (Nτ ′) of Nσ, and
maps σ′ isomorphically to σ.
◦ The following diagrams commute:
σ′
∼=−−−→
p′
∆
σ
f ′
∆
y yf∆
τ ′
∼=−−−→
p∆
τ
Nσ′
⊂−−−→
p′
∆
Nσ
f ′
∆
y yf∆
Nτ ′
⊂−−−→
p∆
Nτ
Proof. We use a construction analogous to Kawamata’s covering. First, let B be a variety,
E an effective Weil divisor on B. We make the following assumptions:
1. as a scheme, E is integral and normal;
2. the divisor mE = D is a Cartier;
3. There is a Cartier divisor L on B such that O(D) = O(mL).
As in Definition 5.4, we choose a function φ with div(φ) = D−mL, and define the cyclic cover
p : B′ → B by taking m-th root of φ. The point is, that the Q-Cartier divisor p∗E is in fact
Cartier.
Let us see what happens in the toric case.
Lemma 7.2. Let Xτ be an affine toric variety with quotient singularities and E a toric divisor
corresponding to a primitive vector v. Write τ = R+v × τ1. Choose m ∈ N such that D = mE
is Cartier. Then O(mD) is trivial, and the corresponding cyclic cover is Xτ ′, where |τ ′| = τ
and Nτ ′ = Zv × (Nτ ∩ τ1).
This lemma is easy and left to the reader. If we iterate the lemma with all the toric divisors,
we obtain a nonsingular covering, whose lattice is generated by the primitive vectors of τ .
Assume that in addition we have a mild morphism Xσ → Xτ . Lemma 5.3 works word-
for-word in this case. The only thing which needs to be changed in the proof is, that since
f∆(Nσ) = Nτ , the semigroup homomorphism i : π →M is still injective. (This is not a serious
business - we could replace the product by its reduction anyway.)
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In order to define a Kawamata covering package, we need the following Bertini type lemma
(this is a special case of the stratified Bertini Theorem) .
Lemma 7.3. Let UB ⊂ B be a toroidal embedding. Let H0 be a very ample divisor on B and
let H be a general element of |H0|. Let U ′B = UB \ H. We have
1. U ′B ⊂ B is a toroidal embedding;
2. let b ∈ H and assume that b lies on a stratum Y ⊂ B of the toroidal embedding UB ⊂ B.
Then H ∪ Y is nonsingular at b;
3. there is a local model Xρ × Gkm for UB ⊂ B at b, where Y corresponds to the factor Gkm,
and H corresponds to Xρ ×Gk−1m × {1}.
4. there is a local model Xρ×Gk−1m ×A1 for U ′B ⊂ B at b, where Y corresponds to Gkm×A1,
and H corresponds to Xρ ×Gk−1m × {0}.
Proof. Since B is a stratified space, it has a local product structure Xρ × Y at b. We need
to adapt this structure to the divisor H as in the lemma. Applying Bertini’s theorem to the
closure of the stratum Y , we have that H ∪ Y is nonsingular. Pick a regular function u near b
defining H on a neighborhood of b. Then the restriction uY of u to Y is a regular parameter.
We can find a regular system of parameters on Y at b including uY and lift them to B. This
lifting gives the desired adaptation of the product structure.
Using this lemma, the proof of Proposition 5.9 works word-for-word here, and yields Propo-
sition 7.1.
8. Towards semistable reduction
8.1. Combinatorial semistable reduction. We are going to restate the semistable reduction
conjecture (Conjecture 0.2) in purely combinatorial terms. First let us define semistability
combinatorially.
Definition 8.1. Let ∆X and ∆B be rational conical polyhedral complexes, and let f∆ : ∆X →
∆B be a surjective polyhedral map. We say that f∆ is weakly semistable if the following
conditions hold.
1. We have f−1∆ (0) = {0}.
2. For any cone τ ∈ ∆X , we have f∆(τ) ∈ ∆B.
3. For any cone τ ∈ ∆X , we have f∆(Nτ ) = Nf∆(τ).
4. ∆B is simplicial with index 1.
If also ∆X is simplicial with index 1, we say that f∆ is semistable.
We now define the operations we are allowed to perform.
Definition 8.2. Let ∆ be a rational conical polyhedral complex. A lattice alteration ∆1 →
∆ consists of an integral structure induced by a consistent choice of sublattices N1σ ⊂ Nσ for each
cone σ ⊂ ∆. An alteration ∆1 → ∆ is a composition ∆1 → ∆′ → ∆ of a lattice alteration
∆1 → ∆′ with a subdivision ∆′ → ∆. The alteration is projective if the corresponding
subdivision ∆′ → ∆ is projective.
Note that the composition of alterations is an alteration. Be warned that the factorization of
a polyhedral alteration above is not analogous to the Stein factorization in algebraic geometry
- it has the opposite order.
Definition 8.3. 1. Let ∆X → ∆B be a polyhedral map of rational conical polyhedral com-
plexes. Let ∆′B → ∆B be a subdivision. The induced subdivision ∆′X → ∆X is the
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minimal subdivision admitting a polyhedral map to ∆′B. The cones of ∆
′
X are of the form
σ ∩ f−1∆ (τ ′) for σ ∈ ∆X and τ ′ ∈ ∆′B.
2. Let ∆X → ∆B be a polyhedral map of rational conical polyhedral complexes. Let ∆1B →
∆B be a lattice alteration. The induced lattice alteration ∆
1
X → ∆X is the minimal lattice
alteration mapping to ∆1B. The lattices of ∆
1
X are of the form Nσ ∩ f−1∆ (Nτ1) for σ ∈ ∆X
and τ 1 ∈ ∆1B.
3. Let ∆X → ∆B be a polyhedral map of rational conical polyhedral complexes. Let ∆1B →
∆′B → ∆B be an alteration, factored as a lattice alteration followed by a subdivision. The
induced alteration ∆1X → ∆X is the induced lattice alteration ∆1X → ∆′X of the induced
subdivision ∆′X → ∆X .
Note that an alteration induced by a projective alteration is projective.
We are now ready to state our conjecture.
Conjecture 8.4. Let f∆ : ∆X → ∆B be a polyhedral map of rational conical polyhedral com-
plexes, and assume for simplicity that f−1∆ (0) = {0}. Then there exists a projective alteration
∆1B → ∆B, with induced alteration ∆1X → ∆X , and a projective subdivision ∆Y → ∆1X , such
that ∆Y → ∆1B is semistable.
The conjectures are tied together by the following proposition:
Proposition 8.5. Conjecture 8.4 implies Conjecture 0.2.
Proof. Let X → B be a surjective morphism of complex projective varieties with geomet-
rically integral generic fiber. By Theorem 2.1 we may assume the morphism toroidal. Let
f∆ : ∆X → ∆B be the associated polyhedral map. By theorem 0.3 we may assume f∆ is weakly
semistable. We now invoque Conjecture 8.4. Let ∆1B → ∆′B → ∆B be a projective alteration,
∆1X → ∆X the induced alteration, and ∆Y → ∆1X a projective subdivision such that ∆Y → ∆1B
is semistable. The subdivision ∆′B → ∆B and the induced subdivision ∆′X → ∆X give rise to
modifications B′ → B and X ′ → X with a lifting X ′ → B′ (see lemma 1.7). Let ∆0B → ∆′B be
the lattice alteration given by the sublattice generated by the primitive vectors, and ∆0X → ∆′X
the induced lattice alteration. Proposition 7.1 gives rise to an alteration B˜0 → B′, with pullback
X˜0 → X ′, and a polyhedral map ∆B˜0 → ∆0B which is an isomorphism on each cone. The same
holds for ∆
X˜0
→ ∆0X . The lattice alteration ∆1B → ∆′B, being of index 1, factors through ∆0B.
Proposition 5.9 gives an alteration B˜1 → B˜0 with pullback X˜1 → X˜0 and a polyhedral map
∆
B˜1
→ ∆1B which is an isomorphism on each cone, and the same holds for ∆X˜1 → ∆1X . The
subdivision ∆Y → ∆1X induces a subdivision ∆˜Y → ∆X˜1 , giving rise to a toroidal modification
Y˜ → X˜1. Since ∆Y → ∆1B is semistable, we have that ∆˜Y → ∆B˜1 is semistable as well, and
therefore Y˜ → B˜1 is semistable, as required.
8.2. How far can we push the results? In [ℵ-R], it is shown that if ∆0 ⊂ ∆ is a subcomplex,
and ∆′0 → ∆0 is a projective triangulation, then there is a projective triangulation ∆′ → ∆
extending ∆′0, without new edges: ∆
′(1) = ∆(1)∪∆′0(1). Applying the main theorem of [KKMS],
Chapter III, it is shown in [ℵ-R] that given a weakly semistable X → B, one can locally find
a finite map B1 → B and a modification X2 → X ×B B1 such that X2 → B1 is semistable in
codimension 1. If we apply Kawamata’s trick, then clearly this can be done globally. Moreover,
X2 has only quotient singularities.
A weakly semistable morphism is said to be almost semistable if it is semistable in codi-
mension 1 and moreover X has quotient singularities. Thus, in theorem 0.3 we may replace
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“weakly semistable” by “almost semistable”. An analogous definition can be made on the
polyhedral side.
It is important to note that an almost semistable morphism is not necessarily semistable. It
is easy to give a polyhedral example: let τ = (R+)
2 be endowed with the standard lattice Z2,
and let σ = (R+)
4 be given the lattice generated by Z4 and the vector w = (1/2, 1/2, 1/2, 1/2).
We have a polyhedral map σ → τ given by (a, b, c, d) 7→ (a+ b, c+d). It is easy to see that this
is almost semistable, but not semistable, since σ has index 2. Needless to say, a corresponding
toroidal example can be easily constructed as well.
The example we just gave is easy to amend. Indeed, if we subdivide τ at its barycenter (1, 1),
take the induced subdivision of σ, then its star subdivision centered at w, and extend this to
a triangulation using [ℵ-R], we obtain a semistable map. This can be extended to families of
surfaces in general - the main observation (see [Wang] for the case dim(B) = 1) is that one can
use Pick’s theorem and subdivide, with no need for additional lattice alteration. We plan to
pursue this elsewhere.
One last remark: the second author has shown, that in order to prove semistable reduction,
it is sufficient to produce B1 and Y such that Y → B1 satisfies all but condition 3 of the
requirements for semistability in Definition 8.1. Again, this will be pursued elsewhere.
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